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ABSTRACT 

We construct d=l sigma models of the Wess-Zumino type on the SU (n\l)/U(n) 
fermionic cosets. Such models can be regarded as a particular supersymmetric 
extension (with a target space supersymmetry) of the classical Landau model, 
when a charged particle possesses only fermionic coordinates. We consider 
both classical and quantum models, and prove the unitarity of the quantum 
model by introducing the metric operator on the Hilbert space of the quan- 
tum states, such that all their norms become positive-definite. It is remarkable 
that the quantum n=2 model exhibits hidden S77(2|2) symmetry. We also dis- 
cuss the planar limit of these models. The Hilbert space in the planar n=2 
case is shown to carry SU (2\2) symmetry which is different from that of the 
SU{2\l)/U{l) model. 
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1 Introduction 



The renowned Landau model pQ describes a charged non-relativistic particle moving on 
a two-dimensional Euclidean plane M 2 ~ (z, z) under the influence of a uniform magnetic 
field which is orthogonal to the plane. Its simplest generalization to a curved manifolds is 
the Haldane model [2] describing a charged particle on the two-sphere S 2 ~ SU(2)/U(1) 
in the field of Dirac monopole located at the center. These models are exactly solvable, 
on both the classical and the quantum levels. They can be interpreted as one-dimensional 
nonlinear sigma models with the Wess-Zumino (WZ) terms. For instance, the Haldane 
model is described by the d=l SU(2)/U(1) sigma model action with the U{1) WZ term. 

There are two different approaches to supersymmetrizing this bosonic system. One is 
based on a worldline supersymmetry (see, e.g., [3]), while the other deals with a target- 
space supersymmetry. The latter option corresponds to extending the bosonic manifolds 
to supermanifolds by adding extra fermionic target coordinates. These supermanifolds 
are identified with cosets of some supergroups, so the relevant invariant actions describe 
d=l WZ sigma models on supergroups. Since supergroups possess a wider set of cosets 
as compared to their bosonic subgroups, there are several non-equivalent super Landau 
models associated with the same supergroup. A minimal superextension of SU(2) is 
the supergroup SU(2\1) involving the bosonic subgroup U{2) = SU{2) x U(l) and a 
doublet of fermionic generators^ It possesses a few different cosets, each giving rise to 
some super Landau d=l sigma model. The SU{2) /U{1) model can be promoted either 
to a model on the (2|2) dimensional supersphere SU(2\1)/U(1\1) jU |5] or to a model on 
the (2|4) dimensional superflag manifold SU(2\1)/[U(1) x U(l)] [SI IS]- Both models are 
exactly solvable, like their bosonic prototypes, and exhibit further interesting properties 
[5]. For instance, for some special relations between the coefficients of the corresponding 
WZ terms they prove to be quantum-mechanically equivalent to each other. Another 
surprising feature of these models is that, contrary to the standard lore, the presence of 
non-canonical fermionic terms of the second-order in time derivative in their actions does 
not necessarily lead, upon quantization, to ghosts states with negative norms; all norms 
can be made positive-definite by modifying the inner product on the Hilbert space. 

The supergroup SU (2\1) also possesses the pure odd supercoset SU{2\1)/U{2) of the 
dimension (0|4). The Landau- type quantum sigma models on the odd cosets SU(n\l)/U(n) 
of the dimension (0|2n), with the pure WZ term as the action, were studied in [7] (see also 
[1]). The relevant Hilbert spaces studied there involve only single (vacuum) states asso- 
ciated with the lowest Landau levels (LLL). These LLL states reveal interesting SU(n\l) 
representation content. 

There remained a problem of finding out the complete sigma model actions on the 
supercoset SU(n\l)/U(n), such that they contain both the WZ term and the term bilinear 
in the coset Cartan forms (i.e. the one-dimensional pullback of the Killing form on 
SU(n\l)/U(n)), and of exploring the relevant quantum mechanics. The basic aim of the 
present paper is to fill this gap. 

In section 2, we construct the SU(n\l) invariant action for this model, using the d=l 
version of the universal gauge approach which can be traced back to the construction of 

^his is a minimal possibility if one assumes the standard complex conjugation for the generators. 
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the two-dimensional bosonic CP n sigma model actions in [5]. The same general approach 
nicely works in some other cases elaborated as instructive examples in the Appendix 
(Landau-type models on the bosonic coset SU(n + 1)/U{n) ~ CP n and the supersphere 
S77(2|l)/{7(1|1) ~ CP*- 1 ' 1 -* ). In section 3 we construct the corresponding Hamiltonian and 
SU(n\l) Noether charges, in both the classical and the quantum cases. In section 4 we 
present the complete set of eigenfunctions of the Hamiltonian and compute its spectrum. 
The salient feature of the quantum case is that the number of LL states is finite and equal 
to n + 1. We discuss the SU(2\1) representation assignment of the full set of states in the 
n=2 case, by computing, in particular, the eigenvalues of the S77(2|l) Casimir operators. 
In section 5 we compute the norms of the LL states and find that for some values of the 
WZ term strength k there are states with the negative and/or zero norms, like in other 
super Landau models. In section 6 we give a more detailed treatment of the n=2 case. 
We present the explicit form of the metric operator which allows one to make all norms 
positive-definite. At each LL, the quantum states are found to form short multiplets of 
some hidden S77(2|2) symmetry which is an extension of the original SU(2\1) symmetry 
(the phenomenon of such an enhancement of S77(2|l) to S77(2|2) at the quantum level 
was earlier revealed in the superflag Landau model |5j). In section 7 we study the planar 
limit of the odd coset Landau models. We show, in particular, that the Hilbert space 
for n=2 also carries some extended SU (2\2) symmetry. We finish with conclusions and 
outlook in section 8. 



2 SU(n\l)/U(ri) action from U(l) gauging 

The supergroup SU(n\l) can be defined as the set of linear transformations of the n + 1- 
component multiplet (z, £*) (i — 1, 2, . . . n), such that they preserve its norm 

zz — ( ■ ( = inv. (2.1) 

Here, the components z, z are Grassmann-even, while £*, Q are Grassmann-odd. Hereafter, 
C ■ C — — C " C = C*C» • The fermionic transformations are: 

6 e z = C-e, 5C = e { z : (2.2) 

where e l , q are Grassmann-odd parameters. The variables Q transform in the fundamental 
representation of the group U (n) . These U(n) transformations are contained in the closure 
of f l2~2|) . 

Now we are going to show how, starting from this linear SU(n\l) multiplet, one 
can construct a nonlinear d—1 WZ sigma model action associated with the odd (0 tri- 
dimensional coset SU(n\l)/U(n). 

We start with the following SU(n\l) invariant Lagrangian 

L = VzVz + VC ■ VC + 2kA , (2.3) 

where 

V = dt-iA, V = dt + iA. (2.4) 
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The auxiliary gauge field A(t) ensures the invariance of the Lagrangian (12. 3p under the 
£7(1) gauge transformations: 



5z = iXz , 5C = i\d , 5 A = X . 



(2.5) 



The last term in H2 .31) is the Fayet-Iliopoulos (FI) term, it is invariant under (12. 5ft up to 
a total time derivative. The gauge field A{t) is a SU{n\l) singlet; gauge transformations 
(12. 5p commute with the rigid SU(n\l) ones. 

As the next steps, we impose the SU(n\l) invariant constraint on the variables z, ( l 



(2.6) 
(2.7) 



P \/l + C-C- (2-8) 
Finally, the auxiliary field A can be eliminated by its algebraic equation of motion: 



zz - C • C = 1 , 

choose the U(l) gauge 

z = z = p 

and, using (I2.6p . express p in terms of the fermionic variables, 



2k + *(C-C-C-C) 



(2.9) 



Upon substituting all this back into the Lagrangian (I2.3p . the latter takes the form 



C-C + 



2 + C-C 



4(1 + C • 
- < (C-C-C-C 



(C • Cf + (C • cf 



c-c 



2(i + C-C) 



(C-O(C-C) 



(2.10) 



This Lagrangian is invariant, up to a total time derivative, under the following purely 
fermionic nonlinear realization of the odd SU(n\l) transformations: 



5C 



1 + C-Ce 4 + 



2V1 + C-C 



(e-C + e-C). 



(2.11) 



It precisely coincides with the one considered in [7]. This realization follows from ( 12. 2p with 
taking into account the gauge (12. 7p . the constraint (12.61) and the necessity to accompany 
the original SU(n\l) transformations by the compensating gauge transformations (12. 5 p 
with 



A 



2V1 + C-C 

in order to preserve the gauge (12. 7p . The Lagrangian (I2.10p describes d=l WZ sigma 
model on the odd coset SU(n\l)/U(n), with the d=l fields C l an d Ci re& l fermionic 
variables) being the coset parameters. The number of independent variables was reduced 
from the (n+ 1) complex ones z, C to n such variables C l by imposing the constraint (12 .6p 
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and choosing the gauge (12.71) . In this aspect, the method we applied is quite similar to 
the gauge approach to the construction of the bosonic d = 2 CP n sigma models in [8] . It 
is worth pointing out that our d=l gauging procedure automatically yields not only the 
standard sigma model part of the Lagrangian but also the WZ term with the strength 
2k@ In the "parent" linear sigma model action (12. 3p . this constant appears as a strength 
of the FI term. In ref. [TJ, only the WZ term in (I2.10p was considered. Such truncated 
Lagrangian can be treated as the large k limit of (I2.10p . 

In what follows, it will be convenient to deal with the coset coordinates £ l related to 
by 

C = j== (2-12) 
and possessing the simple holomorphic transformation law 

6? = €* + (€ -Of- (2-13) 
In terms of £ l , the Lagrangian (I2.10p is rewritten as: 

■ ■ J-±Jj.. (2.14) 



The odd SU(n\l) transformations may be expressed in terms of the fermionic SU(n\l) 
generators Qi, 

5i = [(eQ) + (ggt)] C, (2.15) 
where Qj and = (Qi)' satisfy the relations: 

{Q i ,Q j } = 0, {Q fi ,g b '}=0, (2.16) 

{Qi,Q"}=(fi-tiljk)+8lB. (2.17) 

Here J- — -SjJj^ = Jj are the SU(n) generators, and B is the generator of the U(l) 
transformation. They constitute the bosonic "body" U(n) of the supergroup SU(n\l). In 
the realization on the variables , these generators are: 

J i=t>i-*W" B =S- 1 )* (2 ' 18) 

The explicit expressions for the conserved Noether supercharges corresponding to the 
odd SU(n\l) transformations are 

Qi = -7Ti + & 6, (2-19) 

Qti = tt* + (f • tt) + m f ■ (2.20) 



2 See Appendix for further examples. 
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Here, 7Tj = dL/d^ 1 and 7r* = dL/d^i are the momenta canonically conjugate to the fields 
£ l and The corresponding conserved generators Jj and B are expressed as 

4 = - , B = ^ - lj (e<?f* " f *i) + constant , (2.21) 

where a constant in 5 (the central charge) will be fixed in the quantum model by requiring 
the generators to close on the sw(2|l) algebra as in (I3.17p . (I3.18p . 



3 Quantization 

3.1 Hamiltonian formulation 

To quantize the classical SU(n\l)/U(n) coset model constructed in the previous section, 
we have to build its Hamiltonian formulation. First of all, it is convenient to rewrite 
the Lagrangian (12.1 4p in a geometric way, in terms of the metric on the coset space 
SU(n\l)/U(n) and the external gauge potentials given on this manifold. The correspond- 
ing Hamiltonian will have the form convenient for quantization, and it will be easy to find 
its spectrum. 

We can write down the metric on the SU(n\l)/U(n) coset parametrized by £ l coordi- 
nates, using the Kahler potential 

KT = ln(l-£-£) . (3.1) 

The metric is given by 

g\ = d,d l K = 3 — ^ — , . (3.2) 

J 3 (i-e-e) 

Also we define the gauge connections 

At = -id t K = i — ; A = id J K = i — - — = . (3.3) 



Note, that A = — (Ai). The inverse metric is given by: 

iff- 1 )) = (1 - Z . (3.4) 

In terms of these quantities, the Lagrangian ( 12. 14ft can be written as: 

L = gi££ + K(?A i + £ i A i ). (3.5) 
The momenta canonically conjugate to the variables £ l and ^ are 



Then the Hamiltonian is given by 

H=( j g- 1 ))(it i -KAl)fc-KA 4 ). (3.7) 

Using the anticommutativity of the Grassmann variables, we rewrite the Hamiltonian 
in the form 

H = \^)) [** ~ «i ~ K M (3.8) 
and perform canonical quantization in the coordinate representation by replacing 

7Tj ->■ —idi, tx % -> -id 1 . (3.9) 

As a result, we obtain the quantum Hamiltonian 

H=\(g- 1 Y 1 [v\ K \ V^], (3.10) 

where we have introduced 

vi K) = di+ ^ - , V^ = ^+ — - ■ (3.11) 

These "semi-covariant" derivatives satisfy the following anticommutation relational 

| V W ; V f } =0, {v (k) \ V (K)J } =0, {vf^V^} = + (3.12) 

Using them, we can rewrite the Hamiltonian f 1 3 . X j) in the convenient equivalent form: 

H = {g-^V^V^ — kti = H' — kti . (3.13) 
For what follows, it will be useful to write H' explicitly: 

h' = (i - e • o (W + ctM 1 ) + « (i - e • o (e^ - e'S;) - « 2 e • e + «n . (3.u) 

The Hamiltonian is hermitian with respect to the appropriate inner product (see below). 
3.2 Quantum SU(n\l) generators 

The quantum SU(n\l) generators can be obtained from the classical expressions (12.19p . 
§ZM) and fl2~2B 

Qi = + + K£i, Q* i = -tf-?£ i d j + K?, (3.15) 

F=(i-i) J *-2« I (3.i6) 



3 The semi-covariant derivatives are essentially complex, in accordance with the fact that the wave 
superfunctions are complex. Under the complex conjugation they are transformed as (V 2 (k) , V (re)5 ) => 
±(V^ _re ^, V^ K ^), when acting, respectively, on Grassmann-odd or Grassmann-even superfunctions. 



6 



where we properly fixed the ordering ambiguities, based on the same reasonings as in [7] . 
A constant in the expression for the Noether charge B (see (12.211) ) was fixed to be —2k 
and the resulting operator was denoted F in order to have the su(n\l) algebra (I3.17p . 
(13.181) in the quantum case: 

{Qi,Qj} = 0, {QV,QV} = 0, (3.17) 

{Qi,QU} = J i i +S i i F. (3.18) 

Using the explicit form (13.141) of H', it is straightforward to check that the SU(n\l) 
generators (13.151) . (13. 16ft indeed commute with the Hamiltonian. 

For further use, we explicitly present the generators in the n=2 case. The correspond- 
ing Landau model possesses the eight-parameter symmetry supergroup SU(2\1). 

We define 

n = Qi, Q = Q 2 . (3.19) 

Then the full set of the SU (2\1) generators as differential operators acting on the 
manifold with the odd coordinates (£ l , i = 1,2 ,, is given by the expressions 



Q 




(3.20) 


n 


= -5i + ei6^ + <i, 


(3.21) 


J+ 




(3.22) 


j_ 


= - i^o\ 


(3.23) 


■h 


= ~(^i-fd 2 -^+6<n 


(3.24) 


F 


= l^ l 9i + - tid 1 - £ 2 cP) - 2k . 


(3.25) 



The corresponding non- vanishing (anti) commutation relations read 



[J+,J- 


-] = 2 J 3 , 


[J 3 , J±] = ±J± , 


(3.26) 


[^ 3 ,n] 


= iQ, 

= -in 

2 


[j_,g] = -in, 
[J 3 ,Q] = ig, 






= -in 

2 


[f,q] = -^q, 


(3.27) 


[/_.,*] 
[J 3 ,nt] 

[F,nt] 


= iQ ] , 
= V 

2 ' 

= v, 

2 ' 


[j+,Qt] = — int , 
[F,gt] = I Q t j 


(3.28) 


{n,nt} = 
{n,g f } = 


-J 3 + F 

iJ- , 


{g,g t } = j 3 + F, 
{n\Q} = -i.j + . 


(3.29) 
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The quadratic Casimir operator of the superalgebra sit(2|l), 

C2 = ~{J+, J-} -Jt + F 2 + i[Q,Qt] + l[n,nt], (3.30) 

is related to the Hamiltonian of the n=2 model as 

C 2 = H + Ak 2 = H' -2k + Ak 2 . (3.31) 
One can also define a third-order Casimir operator: 

c 3 = % ~j + [q\u\ - |[nt,g]j_ + ij s ([g,gt] _ [n ,nt]) - 

- ^F([n, rr 1 ] + [q, gtj) + 2 c 2 f - n f n - gg f . (3.32) 

In the n=2 model it can be represented as 

C 3 = 6k# / + 2k(2k-1)(4k-1). (3.33) 

4 The energy spectrum and wave functions 

In this section we turn to the study of the quantum SU(n\l)/U(n) model. We construct 
the complete set of the wave superfunctions and find the corresponding energy levels. We 
also obtain the realization of the SU(n\l) symmetry group on the wave superfunctions. 

4.1 The spectrum 

In this subsection we construct the complete set of wave superfunctions for the SU(n) 
singlet sector of the full space of quantum states. The corresponding superfunctions carry 
no external SU(n) indices, but possess the fixed B charge —2k ^ 0, in accord with 
the explicit structure of the quantum generators (13.151) . (13.161) . Possible wave functions 
with non-zero external SU(n) spins form a subspace orthogonal to the SU(n) singlet one 
with respect to the inner product to be defined below. A similar situation occurs in the 
case of super Landau models associated with the supersphere S77(2|l)/i7(l|l) [5] where 
one can consider only those wave functions which are singlets of the semi-simple part 

SU(1\1)CU(1\1)- 

To proceed, we will need two important properties: 



(*"'» M*. A = t^It (41) 



and 

VJr ) (^ ] $)=^vSf +2) $, (4.2) 

where $ is an arbitrary superfunction, $ = $(£,£) , and square brackets denote antisym- 
metrization of indices (with the factor 1/n!). These relations can be proved using the 
definitions §£Z§ and (EOT)) . 
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We will deal with the shifted Hamiltonian H' defined in (I3.13p . The lowest (vacuum) 
Landau level (LLL) wave function \l/o corresponds to the zero eigenvalue of H' and is 
defined by the same chirality condition as in ref. [7] 

V<«% = tt = 1 |^ flo(0, (4-3) 

where the analytic wave function is defined by the expansion 

fioto = c° + e c° + . . . + r 1 • • • r» c °..,„ . (4.4) 

The wave sup erf unctions corresponding to the excited Landau levels are constructed 
by acting of the covariant derivatives V^'-* on the chiral superfunctions. The latter should 
carry the appropriate external SU(n) indices in order to ensure the full wave functions to 
be SU(n) singlets. 

The first LL wave superfunction is defined as 

^ = vl K+1 - n) $ fe , (4.5) 
where $ fc is the chiral superfunction in the fundamental representation of U(n): 

v (*)5$* = o $fc = L_ ) . (4.6) 

Using (14 .11) . it is easy to check that is the eigenfunction of H', 

H'm l = (2K + l-n)m l . (4.7) 

The second LL wave superfunction is defined by 

# 2 = v f +1_n) v]f +3 ~ n) $ [ifc] , (4.8) 

where is a chiral superfield (it is expressed through the holomorphic reduced wave 
superfunction f2'* fc l(£) in the same way as in ( 14. 3 p and (14. 6p ). The reason why the chiral 
superfunctions should belong to the irreducible U(n) representations constructed by anti- 
symmetrizing the indices in the fundamental representation will be explained in the next 
subsection. 

Using (14.11) and (14. 2p . one may verify that 

H'^ 2 = 2(2K + 2-n)^ 2 - (4.9) 

In the n=2 case, when the indices take values 1 and 2, it is the last level in the spectrum, 
because no non-zero higher-rank antisymmetric tensors can be defined. 

For the same reason, in the general case of n-dimensional model the spectrum termi- 
nates at the level I = n, so we are left with the finite set of n excited states. The wave 
superfunction for the £th LL is given by the expression 

VO _ V7(K+l-n)v7(K+3-n) _ _ _ y (re+2^-l-nWmim 2 ---m*] (a i n\ 

° mi rri2 mi ' V w y 
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where the reduced wave superfunction $[ m i m 2 - m ^] is chiral, 

^[mirm—me] = _ Qpniroa— mt] rt\ 11) 

The corresponding energy eigenvalue is 

E e = e(£-n + 2K). (4.12) 

Sometimes it is convenient to use the equivalent representation for tyf 
i 

VTr. .— = ijr v|> _ V7(2K+l-n)v7(2K+3-n) _ _ _ yj(2K+2i-l-n)Q[mim2---me] (A i o\ 

It is natural to require that the energies of the excited Landau levels are not negative 
and exceed (or at least are not less than) the energy of LLL. Therefore, in what follows 
we will consider only the options when the WZ term strength is restricted to the values 

/c>(n-l)/2. (4.14) 



The obtained set of n + 1 chiral superfunctions captures the whole spectrum of the 
model in the SU(n) singlet sector. To prove this, we should check that any SU(n) singlet 
superfunction can be expressed as a linear superposition of the wave superfunctions of 
n + 1 Landau levels. The total number of independent functions of n complex Grassmann 
variables is equal to 2 2n . The total number of independent coefficients in the expansion 
of holomorphic superfunction corresponding to the level I is 2 n ("J . Different levels possess 
independent wave superfunctions. So the total number of independent coefficients is 




(4.15) 



Thus the constructed set of wave superfunctions indeed spans the full SU{n) singlet 
Hilbert space. 

In the remainder of this subsection we will briefly discuss the case with k < 0. Con- 
sider, instead of the H' eigenvalues f)4.12p . those of the full hamiltonian H = H' — nn: 

E e Ei = i(£ — n + 2k) — nn . (4.16) 
Now we assume that k = —\k\ and redefine the level number I as 

£ = -£ + n. (4.17) 
In terms of £', the spectrum (14.161) for k < becomes 

E { ; <0) = £'{£' - n + 2\k\) - \ K \n . (4.18) 
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This formula coincides with that for k > , 

£f >0) =£(£-n + 2\K\) - \k\u, (4.19) 

modulo the substitution £—}£'. Thus, for k < , the tower of the LL states is reversed: 
the highest LL with £ = n becomes the LLL with £' = 0, while the LLL with £ = 
becomes the highest LL with £' — n . In order to have, in both cases, the excited LL 
energies to be not less than the LLL energy, one needs to impose the following general 
condition 

\k\ > (n- l)/2. (4.20) 

The K < LLL wave superfunction \EV=o := ^e= n can be checked to satisfy the 
anti-chirality condition^ 

Vf^ =0 = $ M =(l-('t W fio((), (4.21) 

whereas all other ones, up to ^e= n '■= ^e=o, are obtained through the successive action 
of the proper anti-holomorphic covariant derivatives on the anti-chiral superfunctions 
(1 — £-£)~' K ' . Passing to the complex-conjugate set of the wave superfunctions, 

\lV takes us back to the holomorphic representation, i.e. to the same picture as in 

the k > case (with replacing k — > \k\ everywhere). Thus, without loss of generality, we 
can basically limit our study to the k > option. 

4.2 Transformation properties 

The SU(n\l) transformation law of the wave function for any LL, 

= (e-Q + e- Qt) *(£,£), (4.22) 

is fully specified by the form of the quantum supercharges: 

Qi = -di + + (4.23) 

Qti = _ rrJj). + K ^ . (4.24) 

The bosonic transformations are contained in the closure of these odd ones. 

Sometimes it is more convenient to deal with the equivalent passive form of the same 
SU(n\l) transformation: 

^(e, o ~ o - o = « (e • e + e • e) o . (4.25) 

Note that this transformation law indicates that the wave superfunctions cannot be real 
unless k — . 

4 The proof of this property is rather tricky. One rewrites as V-^ = 9, + nBi , Bi — — £•£), 
and repeatedly uses the identity d^Bi = B^Bi to represent the product of n covariant derivatives in 
^e=n , eq. f|4. 1 3[) . as a differential operator in di of the n-th order, with the coefficients being monomials 
in Bk ■ To show that vj 2 = , one has to take into account the total antisymmetry in the indices 

mi . . . m„ and to make use of the proper cyclic identities. 
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Given the transformation law of the full wave superfunction for the level £, one can 
restore the transformation rules of the reduced chiral superfunctions defined in the pre- 
vious subsection. To this end, one should take into account the "passive" transformation 
properties of the semi-covariant derivatives 

6* Vf > = -(e • Vf } + e,f + *f Hi , 

5 * V (K')i = ( e . I) V (K ' )J - e j £i V (K ' )J + k' e j . (4.26) 

Then we consider the transformation law of some wave function with £ > 2 and require 
that the corresponding transformation of is given by the "passive" form of ( 14.22ft . i.e. 
by ( 14.25ft . We find, first, that should necessarily be fully antisymmetric in its SU(n) 

indices, $ n ' = ( and, second, that the transformation law of should be: 

S *$lh~u] = K ( e .^ + ( K + ^.£) + . . ■ + ^e j Qfo-i'-vl. (4.27) 

The chirality conditions are automatically covariant. For the first LL function we have 
the same transformation law, for the SU(n) singlet LLL function ty the SU(n) rotation 
terms are obviously absent and the transformation law coincides with (14.25)) . For the 
holomorphic wave superfunction 

n [h-k] (£) = (1 - £ • £) K (4.28) 

the weight factors are properly combined in such a way that the holomorphy property is 
preserved: 

pn\*i"4t](£) = (2K+e)(e-£)n [ii " 4t] (t) + ... , (4.29) 

where "dots" stand for the holomorphic SU(n) rotations, which are the same as in (14. 27ft . 
This transformation law is valid for any £ > . 

4.3 n=2 

Here we consider in more detail the n=2 case, which corresponds to the SU(2\1)/U(2) 
model. In this case we can lower and raise the 577(2) indices with the help of skew- 
symmetric symbols, 

e lk} e ik , e lk e k] =5), e 12 = e 21 = 1 . (4.30) 
The holomorphic LLL superfunction O (£) has the following ^-expansion: 

^o(0 = c° + fc° + -Ce^C! , (4.31) 
where Co and a are SU(2) singlets. From the transformation law 

5il = 2«(e • O^o - [e* + (e ■ OCP^o (4.32) 
we derive the following transformations of the component wave functions 

<Jc° = -e i c?, 5$ = -2K6 iC ° - e iC i , 5a = (2k- l)e k c° k . (4.33) 
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Here, the complex conjugation rule for e, is 

(e*)*=e,, (c i )* = -c i . (4.34) 
Next, we consider the first level wave superfunction: 

n w (o = c w + ecf 1 + ief £jlj2 | . (4.35) 

It transforms according to the rule 

SCI® = (2k + 1) (e ■ + f *£< - [e* + (e ■ 0f]^ W , (4.36) 

which implies the following component transformation laws: 

6 C W = -i cf\ 5cf ] = -e,cf ] - (2k + l)e,c [fc] + SfaS, Scf ] = e kj e iC f + 2ne j cf. (4.37) 
Finally, consider the second-level wave superfunction: 

Introducing 

A - F . . Jiiia] d _ F kika . [n*2] ^ . [ilia] ,n\ 

we find 

5A = -e k F k , 5B = -2Ke h F k , 5F k = e k B - (1 + 2K)e k A . (4.40) 

Note that these transformations can be brought precisely into the form f !4.33|) after redef- 
inition B —7- — B, 2k 2k — 1 . This means that the I = and 1 = 2 wave superfunctions 
constitute isomorphic SU(2\1) multiplets. 

It is appropriate here to give the relevant values of the sw(2|l) Casimirs and C3 
defined in f[33Tj) and ( 13331 - 

The eigenvalues of the Casimir operators on the LLL state are 

C 2 = 2k (2k - 1) , C 3 = 2k(2k-1)(4k-1). (4.41) 
On the first LL the Casimir operators become 

C 2 = (2k + 1)(2«-1) , C 3 = 4k(2«-1)(2«+1). (4.42) 
Finally, their eigenvalues on the second level are 

C 2 = 2k(2k+1), C 3 = 2k(2k + 1)(4k+ 1) • (4.43) 

Note that the replacement 2k — > 2k — 1 in ( I4.43[) yields just f)4.4ip . in accord with the 
remark after eqs. (14.401) . 

The spectrum of Casimir operators for the finite-dimensional representations of S77(2|l) 
was studied in [HJ [TO]. These representations are characterized by some positive number 
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A ( "highest weight" ) which can be half- integer or integer and an arbitrary additional real 
number (3 which is related to the eigenvalues of the generator F ("baryon charge"). The 
values (14.41 p - (I4.43P can be uniformly written in the generic form given in [9] as 

C 2 = (f3 2 - A 2 ) , C 3 = 2f3(f3 2 - A 2 ) = 2(3C 2 , (4.44) 

with 

LLL: A = ~ , P = ^±, (4.45) 

1st LL : A =1, (3 = 2k, (4.46) 

1 4k + 1 

2nd LL : A = -, /3 = . (4.47) 

Note that our C 2 and C 3 were defined to have the opposite sign to those in [§J [TO] and 
C*3 also differs by the factor 2. We also took into account that k > 1/2 in our case. 
The isospins and F-charges of the component wave functions are expressed through the 
appropriate quantum numbers A and (3 in full agreement with the general formulas of [9] . 

While at k > 1/2 we deal with what is called "typical" SU(2\2) representations (both 
Casimirs are non-zero), at the special value k — 1/2 both Casimirs are zero for the 
LLL and 1st LL multiplets. So in this case the latter belong to the so called "atypical" 
S77(2|2) representations. In accord with the consideration in [10], they are not completely 
irreducible: they contain invariant subspaces the quotients over which, in turn, yield some 
further irreducible representations. As is seen from the transformation properties (I4.33p . 
(I4.37p . at 2k = 1 the component c\ of fi is SU(2\1) singlet and the subset (c\ > , c 2 fc ' ) in 
fli also forms a closed SU (2\1) multiplet. 

In the alternative k < case the eigenvalues of the quadratic Casimir are 

C 2 = 2\k\(2\k\ + 1) , £ = (£' = 2), 

C 2 = (2|«|-1)(2|«| + 1) , £ = \ (£' = 1), 
C 2 = 2\k\ (2\k\ - 1) , £ = 2 (£' = 0). (4.48) 

These values are not negative for \k\ > 1/2 , in accord with the general condition (I4.20p . 

5 SU(n\l) invariant norms 
5.1 General case 

The SU(n\l) invariant Berezin integral is defined as [7] 

Jdfi = J d/io[l-(£-e)] n ~\ (5.1) 

where 

" d t d l . (5.2) 



J dfi Q = Yl > 
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Using this integration measure, we can define the inner product on the Hilbert space of 
wave superfunctions: 

= J dfi^tt. (5.3) 

It is manifestly SU(n\l) invariant, taking into account the invariance of the measure dfi 
and the fact that the weight factor in the general transformation law (14.251) is imaginary. 

To express the norms in terms of the reduced chiral superfunctions <J>[ fc i""*»J ) defined 
in ( 14.1 Op . we will need the following rule of integration by parts for two superfunctions, 
9 and $: 

J dfiQ^Q)* = (-l) p ( )+ p (*) J dii(V (K+n -^~ k Q)^ , (5.4) 

where P(Q) and P($) are Grassmann parities of the superfunctions. We will also employ 
the identity 

Using these rules, together with the anticommutation relations (13.121) . and the anti- 
chirality condition 

v:W($[ fc i-"Mj* = o ; 

one can express the norm of the full wave superfunction for the E-th LL in terms of 
the chiral wave functions as 

.. ,. 2 = e\(2 K -n + 2e-i)\ r ^...^^mi^i^"^]. ( 5 . 6 ) 

11 11 (2K-n + £-l)\ J ™ n yie y ' K ' 

It is also straightforward to show that the wave superfunctions associated with different 
Landau levels are mutually orthogonal. 

Expressing $[ fcl "' fc ™] through holomorphic wave functions by eq. (14.281) . 

(j)[ftl-fcn] _ f± _ £ . fa- ; 

one can perform the £ integration in (15.61) and obtain the norms written in terms of the 
coefficients in the £ expansion of the "' fcn ^(£) . As an illustration, we present this final 
form of the norm of the LLL wave superfunction, with the ^-expansion defined in fj4.4[) : 

I l*o|| 2 = (-1)" Y,( n ' 2 * ~ %Kn - A0'^---<.,_ . (5.7) 

fc=0 ^ ' 

In the next subsection, as an instructive example, we will give the explicit expressions 
for norms of all three LLL states of the n=2 model. 

As should be clear from the expression (15. 7p . there are values of k for which the squared 
norms are negative, the same is true for the norms of higher LL. This situation is typical 
for quantum- mechanical systems with Grassmann-odd target space coordinates [7|. In 
the next Section, we analyze this issue in some detail on the n=2 example. The way 
to make all norms positive-definite is to modify the inner product by introducing some 
metric operator on the Hilbert space (like in all other known examples of super Landau 
models). This operator proves to be especially simple in the planar limit (section 7). 



15 



5.2 Norms for the 577(2 1 1)/U(2) model 

Here we specialize to the n=2 case and present the explicit expressions for the "naive" 
norms, using the general formulas of the previous subsection. 
The norm of the vacuum wave superfunction is given by 

||^ || 2 = c x c x + (1 - 2K)c 0i c° i + 2k(2k - l)c°c° , (5.8) 

where the component wave functions were defined in ( I4.3ip . The first excited level is 
described by the wave superfunction with the norm 

H^H 2 = (2k - 1) [(2k + 1)(2k - l)c [fc]C ra + (1 - 2K)cf fc] cf ] - cf fc] cf ] + c 2[fc] c? ] ] . (5.9) 

The second level wave superfunction has the norm 

||* 2 || 2 = 2/c(2« + l) [2k(2k + I) A A + BB - 2nF k F k ] . (5.10) 

It is straightforward to check that these norms are invariant under the transformations 
(I4.33P - (14 .40 p . Also we observe that these norms are not positive-definite. In the next 
section we will see in detail how this unwanted property can be cured. At 2k = 1 there are 
zero norms for the LLL and the 1st LL wave functions. In this case it is natural to define 
the physical Hilbert space as a quotient over the subspace of zero-norm states, so it is 
spanned by the LLL S77(2|l) singlet "wave function" C\ and 4 wave functions (A, B,F k ) 
of the second LL. 

6 Unitary norms for n=2 and hidden SU (2\2) 
symmetry 

6.1 Redefining the inner product 

All norms for the case n=2 can be made positive by modifying the inner product in the 
Hilbert space, like in the cases worked out in [5]: 

= / d/itf*G$, (6.1) 

where G is a metric operator on Hilbert space. As was already mentioned in subsection 
4.1, we will consider only the case |k| > 1/2, because only in this case the energies of 
the excited Landau levels are non-negative. For the case k > 1/2 , we choose the metric 
operator to be 

G = 1 - 4 (2F + 4k + t) + 2 {2F + 4k + if . (6.2) 
It satisfies the conditions 

G 2 = 1 , [H, G] = 0, (6.3) 
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which mean that the metric operator just alters the sign in front of all negative terms in 
the expressions for the norms of the wave superfunctions. Accordingly, the positive norms 
of the wave superfunctions are given by 



| 2 = c lCl + (2k - l)c 0l c° + 2k(2k - l)c°c° , 
| 2 = {2k - 1) {2k + 1)(2k - l)c [k] c [k] + (2k 
| 2 = 2k(2k + 1) [2k(2k + I) A A + BB + 2KF k F k ] 
With k = 1/2 , the norms become 

|2 
|2 



1*0 
1*1 
1*2 



L ) C [k] C i + C [fc] C i + C 2[fc]C 2 



l*o| 

|* 2 | 



l*ll 







2k(2k + 1) [2k(2k + 1)AA + BB + 2KF k F k ] . 



(6.4) 



(6.5) 



As was already mentioned, the Hilbert space in this special case, obtained as quotient 
over the zero-norm states, involves only two physical states, one corresponding to LLL 
with unbroken SU(2\1) symmetry and another one corresponding to the second LL. 

Now, let O be some operator that commutes with the Hamiltonian, and hence gener- 
ates some symmetry of the model, and let O* be its hermitian conjugated operator with 
respect to the 'naive' inner product ( 15. 3ft . Then its hermitian conjugate with respect to 
the 'improved' product ( 16.1 ft is given by 



O x = GO ] G = 0' + G[0\G] 



(6.6) 



To find a new conjugation for the S77(2|l) generators, we need to know their realization 
on the analytic wave functions fi(0 : 



IT : 

Q 
J+ 

F : 



-92, 



-iB + 

eo 2 



-eedi+e[2K+- + B 3 



J- 



iB_ 



-(^+e 2 5 2 -4«- 



(6.7) 



The matrix parts B of the SU(2) generators satisfy, on their own, the su(2) commutation 
relations, 



B^B. 



-25, 



B3, B± 



TB 



± ■ 



(6.8) 



They can take non-vanishing values only when applied to the first-level analytic wave 
functions f^' which form a doublet with respect to the external index: 



B_n® 
b 3 qm 








2 



(6.9) 
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In the holomorphic realization, the differential "metric" operator G defined in (16.21) 
takes the form 

G an = l- 2Cdi + 4£ 1 £ 2 d 2 <9 1 = (1 - 2£ 1 d 1 )(l - 2£ 2 d 2 ) . (6.10) 

One can check that G an anticommutes with the supercharges and commutes with the 
bosonic SU(2) x U(l) generators. Owing to these properties, we find 

q x = -q\ n* = -n+. (6.ii) 

In [S], there was given a general definition of supercharge that commutes with G: 

= 0+ l -[G,0]G. (6.12) 

However, in the model under consideration it identically vanishes. So one cannot define a 
modified su{2\l) superalgebra which would commute with the operator G. Therefore, the 
su(2|l) transformation properties of the component wave functions are slightly changed 
after passing to the new Hermitian conjugation. 

The odd SU (2\1) transformations are now generated by 

6V = (eQ + eQ x ) m , (6.13) 

giving rise to the following modified transformation properties of the component wave 
functions: 

Sc° = -6*4 , 54 = 2Ke iC ° - e iCl , 5 Cl = -(2k - l)e k 4 , (6.14) 
So® = -e l cf\ 5cf ] = -e i( f + (2k + l)e jC W - SfaS, 6c [ } ] = -e^^cf - 2k? cf ] (6.15) 

5A = -e k F k , 5B = -2Ke k F k , 5F k = e k B - (1 + 2K)e k A . (6.16) 

These transformations are similar to f)4.33p . (I4.37p . (I4.40p . the difference being the oppo- 
site sign before the terms with e^. The modified norms (16 .4p are invariant just under these 
transformations. The set of the group generators is now Q, II, n*, F, J±, J3. Quadratic 
Casimir operator for them is 

C2 = -\{J + , J-} - 4 + f 2 — g*] - i[n, n*] . (6.17) 

It is related to the Hamiltonian by the same eq. (I3.3ip and so takes the same values 
(14.411) - (14.43ft on the LL wave superfunctions (the same is true for the 3d order Casimir 
(13.331) ). In particular, for k = 1/2, Casimir operators vanish for the LLL and the 1st 
LL superfunctions, implying these levels to carry atypical representations of 577 (2|1) . It 
is worthwhile to note that, although the s«(2|l) algebra (13.261) - (I3.29P changes its form 
after the replacement , IF — > —Q^, —IF, the original form can be restored by passing (in 
the SU{2) covariant notation ( 13. 17ft . ( 13. 18[) ) to the new generators Qi = —ti k Q^ k , Q — 
e ik Q k ,F = -F. 
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6.2 577(2 12) symmetry 

It was shown in [5] that the quantum Hilbert space of the superflag Landau model carries 
hidden S77(2|2) symmetry which is, in a sense, an analog of the hidden worldline M = 2 
supersymmetry of the superplane Landau model [HI [T2]. It turns out that this phe- 
nomenon of enhancing the original SU(2\1) symmetry to S77(2|2) at the quantum level 
persists as well in the considered odd-coset super Landau model. Below we assume that 
k > 1/2, i.e. that the Casimir operators are non- vanishing for all three LLs. 

Because of the anticommutation property {G, 11} = {G, W} = {G, Q} = {G, Q^} = , 
the method of defining hidden supersymmetries applied in [5] is not directly applicable 
to the present case. In particular, just due to this property, the supercharges commuting 
with G and defined by the general formula (I6.12p are identically vanishing. Yet, we can 
achieve our goal, though in a distinct way. 

We define 



u G = ^\n,Gf\ = uG, 4 = -n*G : 



Q G = ±[Q 1 G} = QG, Ql^-QiG. (6.18) 
These operators can be used to generate the second SU(2) algebra^ as 
J- = -^—{Q,Tl G } = - 1 {n,Q G } = -^=QUG, 



J 3 =\[J+,J-]. (6-19) 
The Casimir operator Ci was defined in (13.311) . Thus we have two distinct SU(2) algebras 

[J+,J_] =2J 3 , [J 3 ,J±]=±J±, 

[J+, J-} = 2J 3 , [J 3 , J±] = ±J± , (6.20) 

which can be checked to commute with each other. Explicitly, in the holomorphic real- 
ization, these generators read 



(6.21) 



J+ 


= J\ = 


eo 2 - B + , 


j_ = Jl = ^ 2 9i - zL 




= J} = 


-4 = \{t% - 


e 2 «9 2 ) - b 3 , 


J+ 


= 31- 


- Vc~ 2 ee , 






= Jl = 


= -Ji = \ (£% 





(6.22) 



5 Due to the anticommutativity of the metric operator G with II and Q (and its commutativity with 
bosonic generators) the operators lie, njL and Qg, Q g form the same su(2|l) algebra as IT, II* and Q, 
themselves, but they do not produce any obvious closed structure together with the latter. This feature 
is in contrast with the construction in ref. [5], where just the generators n<3,IIg and Qg-iQg extend 
su(2|l) to su(2|2). 
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Remind that the SU(2) matrix operators B are non- vanishing only at the first LL (£ = 1) 
and are zero for other levels. Then we can define the supercharges Sf (i = 1, 2; a = 1, 2) 
which are doublets with respect to either of two SU (2) groups: 

sl = 11, Sl = [U,J + ], 

S\ = Q, S 2 2 = [Q,J + ], (6.23) 
SI := (5?)* . (6.24) 

Explicitly, these supercharges are 

Sl = —d\, Si = — a/C^ 2 , 

Sl = -d 2 , S 2 2 = +^/C~ 2 e, (6.25) 



si = eeo 2 -e(2 K + £ -~ 4) + es + , 
si = eeoi -e{2K+ £ - + 4) + ?b. , 

^C~ 2 S\ = + (1 - £%) d 2 - (2k + l - - B 3 ^j d 2 -B + dt, 
^/C~ 2 S 2 = - (1 - Z 2 d 2 ) d!+\2K + ^ + B 3 ^j dt + B_d 2 . 



(6.26) 



It is straightforward to check that they satisfy the ( ant i) commutation relations of the 
superalgebra su(2|2) with three central charges: 



{St, Sl} = 5 a b Jl - fi>J? + ( 2k + - - - 



{SlS]}=e l0 e ab ^C 2 



{Si, Si} = e<>Wc£ 



[S?, J b c ] = 8 a h St - UtSt , [Sl 4} = 5{St - U{St . 



(6.27) 



As an example, let us give how this SU (2\2) symmetry is realized on the LLL (i.e. 
I = 0) wave functions. Denote 9 l , 0i the parameters associated with the extra pair of 
fermionic generators, i.e. with S 2 , S 2 . Then the additional transformations are 



5c° 
5c° 



\/2k - 1 



2k 
2k 



Pc? , S Cl = - v/(2k-1)(2k) 9 k c° k 



v/2k- 1 



9 iCl - ^{2k-1){2k) e iC °. 



(6.28) 



It is easy to check that they leave invariant the norm H^oll in (16 .4p . Their bracket with 
the SU(2\1) transformations (16.141) produces the second SU{2) , with respect to which c° 
and Ci form a doublet. The remaining components c° are singlets of the second SU(2) . 
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It is also easy to find the realization of the ^-transformations on the i = 1 and £ = 2 wave 
function multiplets. 

According to [13] (see also [Ej), the central charges can be combined into the 3- vector 

C as 

C{£) = (2k + i/2 - 1/2, y/Q$), v 7 ^)) = (C, P, K) . (6.29) 

The norm of C defined as C 2 = C 2 — PK is invariant under the so(l, 2) outer automor- 
phisms of the su{2\2) superalgebra (16.271) [13J. Exploiting this so(l,2) freedom, one can 
cast C in the form 

(7=(Z,0,0), (6.30) 

where 

Z = -for£ = 0,2, and Z= 1 for £ = 1. (6.31) 



Explicitly, the so(l, 2) rotated supercharges for all three levels are 

Sf 



t^nSf- ^2K-le ab e ij S 3 ) 



b ■ 





2 



4 "7! 



(6.32) 



In the new frame (16.301) . (I6.32p the (anti) commutation relations of su(2\2) become 

{S?,Jj"} = 5 a b Ji-5jj b a + Z5Z8j, 
{Sf, Sj} = , {S l a , s>l} = , 



QC2 rjc 



za qc cc qa 



(6.33) 



With respect to the redefined sw(2|2) generators, the transformations of the LLL 
supermultiplet take the form 



6c° 



V2k 



5$ = V2K~p iC ° - 



UiCi 



y/2n - 1 



5c\ 



V2k- lou k c° 



k > 



(6.34) 



where and are the parameters associated with the supercharges S},S{ and 

c2 qi 

As the final topic of this section, we indicate which SU (2\2) multiplets the wave 
functions form for different values of I. 

In general, irreps of SU{2\2) are characterized by the triple [13] 



(m,n; C) , 



(6.35) 



where the non-negative integers m, n are Dynkin labels of subalgebra su(2) © su(2) (in 
the considered case they are twice the external isospins of the wave superfunctions) and 
C represents three central charges. The special case is the "short" irreps, with 



(m, n; C) , C 2 



- (m + n + l) 2 . 
4 



(6.36) 
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It turns out that our wave superfunction multiplets belong just to this restricted class of 
the su(2\2) representations. 

At the levels £ = and i = 2, the su(2\2) algebra has the central charge Z = 1/2. 
Hence the relevant wave sup erf unctions encompass the 2|2 multiplets characterized by the 
triple 

(0,0; (7), C 2 = Z 2 = \. (6.37) 

This option corresponds to the fundamental representations of su{2\2). 

At the level t = 1 the wave superfunction multiplet comprises 4 bosonic and 4 fermionic 
components, with the central charge Z = 1. It is characterized by the triple 

(1,0; C), C 2 = Z 2 = 1. (6.38) 

With respect to the bosonic subalgebra su(2) © su{2) , the bosonic components of the I = 1 
supermultiplet are in (0,0) © (1,0), while the fermionic ones in (1/2, 1/2) . This means 
that, with respect to the first SU(2), the bosonic fields are split into the singlet c + and 
the triplet cf , c% , c_ , where 

With respect to the second SU(2), all these components are just singlets. The fermionic 
components constitute doublets with respect to both SU{2) groups. To be more precise, 
either of and cjj is a doublet of the first SU{2) acting on the index [k], while another 
SU{2) combines them both into its doublet (irrespective of the value of [k]). 

Let us briefly address the case k < 0. With the condition k < — 1/2 taken into account, 
the norms (15. 8p and (15.101) are positive, while the first level norm (15. 9p is negative (we 
leave aside the degenerate case \k\ = 1/2). The metric operator chosen in the form 

8k 2 -2H 2 , x 

has the eigenvalues 

G = {-If (6.40) 

and so makes all norms positive-definite. The implications of this metric operator radically 
differ from those of G for k > 1/2. In particular, it commutes with all symmetry generators 
and so does not affect their Hermitian conjugation properties. Thus, as opposed to the 
k > case, it cannot be directly employed for construction of the SU{2\2) generators 
acting in the relevant Hilbert space. Nevertheless, the unitary norms for k < are 
still invariant under the appropriately defined SU (2\2) symmetry. The corresponding 
generators are obtained by making the substitutions 

K =|„|, e = n-H, St = Tl1, Si = -Ui (6.41) 

in the definitions (16.251) . (16.261) . The sw(2|2) superalgebra which these generators form is 
slightly different from the one defined by the relations (16.271) pertinent to the k > case. 
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In the basic anticommutator the two sets of the bosonic SU(2) generators, Jf and J£, 
switch their places, and in the central charge one should replace k — > \k\ , £ — > £'. The 
3-vector C defined in (I6.29f) preserves its form modulo these substitutions. 

A different treatment of the k < case is based on the consideration in the end of 
subsection 4.1. The LLL wave superfunction is defined as \EV=o := ^t=2- It satisfies the 
anti-chirality condition 

Vf ^ =0 = Vf _1) vf = ^ =0 = (1 - £ • e)~ W «o(D • (6.42) 

Passing to the complex-conjugate set of the wave superfunctions, i.e. \lV — > ^>* t , , i&# =0 = 
(1 — £-£)~' K ' ^o(£) , reduces the n < case to the already studied k > one. The relevant 
SU(2\1) generators are obtained just through the replacement k — > \k\ in the k > 
expressions, and the "passive" form of the supertransformation of the wave superfunctions 
mimics ( 14.25!) 

8***(t, e) = i«i (e • e + e ■ e) o • (6.43) 

Thus the structure of the quantum Hilbert space in the k < case is the same as for 
k > 0. For the "physical" values n < —1/2, the metric operator G making all norms 
positive-definite is of the same form as in f)6.2p . up to the substitutions k — > \k\ and 
t — y £' . The hidden SU (2\2) symmetry generators leaving invariant the unitary norms 
are obtained from (I6.25p . ( I6.26P through the same substitutions. 

7 The planar limit 

In this section we consider the planar limit of the SU(n\l)/U(n) coset model. 

We introduce a scale parameter r, rescale the odd variables and the time coordinate 
in the action corresponding to the Lagrangian ( I2.14p as 

£->£/r, t^t/r 2 , k — )■ kt 2 , (7.1) 

and then send r — > oo . The Lagrangian f)2.14p goes over to 

L = -ei+iK(i%+i t e). (7.2) 

This is equivalent to the following redefinition of the Kahler superpotential 

K = rHo g (l-t-pJ. (7.3) 

In the planar limit K becomes £ • £ , and the target metric and gauge connections read 

9) = djd^K = 5) , (7.4) 

Ai = -idiK = i£i , A* = id l K = iC . (7.5) 
The Hamiltonian is rescaled as 

H(£,£,k) -> l/r 2 H^/r^/r,Kr 2 ) (7.6) 
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and in the planar limit becomes 

H = Vf } V (K)I - nn := H'-nn, (7.7) 

where now 

V, W = di + k& , V w * = d l + kC . (7.8) 
The covariant derivatives obey the anticommutation relation 

{Vf\ V w '} = 2«$. (7.9) 

The Lagrangian (17.21) enjoys the symmetry under odd magnetic translations with the 
generators 

Qi = -di + K£i, Q ti = -9 ? + «T, {g i; Q tfc } = -2 K 5f, {Q i; Q fc } = 0, (7.10) 

as well as a symmetry under U(n) rotations of the coordinates , which define U R- 
symmetry" of the superalgebra ( IT. 1011 . The full symmetry structure is an obvious con- 
traction of the superalgebra su(n\l) . The spinor generators form just an extended Af = n , 
d—1 Poincare superalgebra, with the central charge —2k, in place of the Hamiltonian ap- 
pearing in the standard extended supersymmetric mechanics models (see, e.g., [15]). The 
Hamiltonian (17.71) admits the Sugawara-type representation 

H = QiQV - 2kF + K n, (7.11) 

where F = — ^d 1 is the U(l) generator. After putting £ l = , z = 1, . . . n — 1, and 
replacing k — >■ —k, for the remaining fermionic variable £ n the Lagrangian (17.21) is reduced 
to that of the "toy" fermionic Landau model of refs. [16] and [11]. Also note that (17. 2p . 
up to some redefinitions, in the n=2 case coincides with the pure fermionic truncation of 
the Lagrangian of A^=4 super Landau model recently constructed in [PT] . 

Let us sketch some salient features of the quantum theory. For simplicity, we will 
mainly concentrate on the case with k > 0. 

The ground state wave superfunction is defined by the chirality condition V^^o = , 
which amounts to expressing this superfunction through the holomorphic function 

* = e^n (0- ( 7 - 12 ) 

The higher LL wave sup erf unctions are obtained as: 

y e = ■ • • v£ ) $ [il "" < ' 1 , = e K ^Q lil - ie] (0 , (7.13) 

with the energy of the £ th Landau level being Ei = 2k£ . This formula for Ei can be 
directly reproduced from ( 14.121) . making there rescaling ( 17.61) and taking the planar limit 
r — > oo . Note that the exponential prefactors in (17. 12ft and (IT. 13fl can be regarded as the 

r -> oo limit of the prefactor in g^D, g^D and (1411]) : (l - r~ 2 £ • £)~ Kr ' 2 -> e K ^~ . 
The invariant norm is defined by 

1 1^| | 2 = I dfM)V*V, (7.14) 
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where j dfiQ = Y\did l . Using the anticommutation relation (17. 9p . it is straightforward to 
compute the norm of the i th level wave superfunction: 

\\^,\\ 2 = il^yj d^ v .. H] ^^ = £\(2kYJ dfMfi^a^n^ . (7.15) 

This integral is obviously not positive-definite, for both k > and k < . To make all 
norms positive, we should redefine the inner product: 

((*|$)) = J dfiWGQ. (7.16) 

The metric operator G is defined as 

1) G = (l-2m 1 )...(l-2m n ) , for k>0, (7.17) 

2) G = (1 - 2ni) . . . (1 - 2n„) , for k < . (7.18) 



Here 



V (k) V w ' / • - -\ 
= 1 2k + (?di - ^) , 

T7(")t7(k)I 

and no summation over the index z is assumed. 

The operator G anticommutes with the supercharges for k > 0, 

{Q,,G} = 0, {Qti jG } = , (7.20) 

and commutes with them for k < . Note that, within our conventions, just the latter 
option corresponds to the "toy" SU invariant fermionic Landau model considered in 
refs. [HI [11]. The relevant metric operator is the n — 1 case of (17.181) . The alternative 
choice of k, with the metric operator being the n — 1 case of (JT7TTJ), was not addressed in 
these papers. 

Though in the notation (17.171) . ( 17. 18ft covariance with respect to the U (n) i?-symmetry 
is not manifest, one can check that the operators G commute with U(n) generators. For 
instance, in the n=2 case and for k < the metric operator G can be rewritten in the 
manifestly U{2) covariant form as G = 1 + ^\k\~~ 2 H' 2 + 2\k\~ 1 H' . This operator can be 
obtained as the planar r — > oo limit of the metric operator (16.391) . in which £j and k are 
rescaled according to (17.11) . Upon truncation to n = 1 , we find that H' 2 — > —2\k\H' and 
G — > 1 + . This G is the metric operator of the fermionic model of refs. [TBI tH]- 

Finally, let us illustrate the general consideration by the example of the positive norm 
for the LLL wave function in the n=2 case with k > 0: 

||^ || 2 = c lCl + 2Kc oi c? + (2 K ) 2 c°c°. (7.21) 

The coefficients in the ^* expansion of the holomorphic LLL superfunction O (£) were 
defined precisely as in (14.3 1 j) . 
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7.1 Symmetries of the quantum planar n=2 model 

The superplane Landau models obtained as a large radius limit of the S77(2|l)/i7(l|l) 
supersphere or the SU(2\1)/[U(1) x U(l)] superflag Landau models respect the worldline 
J\f=2 supersymmetry which emerges as a contraction of the appropriate extensions of 
SU(2\1) realized in the Hilbert space of the quantum curved models [5]. 

In the planar limit, no any worldline supersymmetry appears in the n=2 odd-coset 
model. To see what kind of the algebraic structure is recovered in this limit from the 
sm(2|2) generators defined in subsection 6.2, we should make, in all odd generators ( 16. 25ft . 
(I6.26p . the rescaling of £, £, ft according to (17. ip and multiply them by the additional 
factor 1/r , while no such a factor is needed in the case of the bosonic generators ( I6.2ip . 
(I6.22p (it is enough to make the rescaling of the odd variables and k in them). Keeping 
in mind that, to the leading order, y/C^ = 2kt 2 + . . . for any level £, it is easy to check 
that in the limit r — > 00 all odd SU (2\2) generators become either d{ or 2k£* (modulo 
signs), which are just the generators Qi or in the holomorphic representation, with 
the only non-vanishing anticommutator {Q, Q^}, as is given in (17. lOf) (for n=2). Thus no 
new fermionic generators appear in this limit. The bosonic generators (I6.2ip retain their 
form and define the £77(2) i?-symmetry group of the flat n=2 superalgebra (I7.10p . The 
extra SU(2) generators ( I6.22p also retain their form, modulo the substitution y/C^ — > 2k . 
They generate the second i?-symmetry SU{2) group of the flat n=2 superalgebra, such 
that the generators Qi and are mixed under this SU(2). 

Surprisingly, it is still possible, at least for the choice of k > 0, to show that the space 
of quantum states of the n=2 fermionic planar Landau model exhibits SU (2|2) symmetry. 

For k > , the Hermitian conjugates of the supercharges Qi are given by 

Q Vi = GQ^G = -Q^ , i = 1,2. (7.22) 
The metric operator can be used to construct another pair of the supercharges 

(Q G )i = \[Qi,G\ = QiG=-GQi 
These two pairs can be combined into the complex quartet supercharges S" 1 as 

Si = i(2«)-5(l + G)g!, 
Si = \ {2k)^ (1 + G) Q 2 , Si 

These supercharges together with their conjugates S% satisfy just the (anti)commutation 
relations (I6.33|) of the superalgebra sw(2|2) , with Z = 1/2 and the SU(2) generators 
(J±, J3) , (J± , J3) defined as 

(2kY 1 Q %2 Qi, J 3 = -(rhi-rh 2 ) , 
= (2k)- 1 Q 2 Q x , J 3 = -i (1 - mi - m 2 ) . (7.25) 
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(7.23) 



= --(2k)-H\ + G)QV, 

= \ {2k)~* (1 + G) Q^ 1 . (7.24) 



J + = {2k)- 1 Q x1 Q 2i L = 
J + = {2k)- 1 Q x1 Q x \ J_ 



It is instructive to rewrite the first set of the SU(2) generators in the covariant form 



(7.26) 



We see that they do not coincide with the generators of the i?-symmetry SU(2): in the 
holomorphic basis, with Qi = —di,Q^ 1 = — 2k£*, one has 

j* = Cd 3 -^ed k , (7.27) 

which should be compared with the i?-symmetry SU(2) generators ( I6.2ip in the same 
basis (their form is preserved upon passing to the planar limit). The difference is the 
absence of the matrix parts B in ( 17.27ft for any level I as compared to the generators 
(16.211) which necessarily include the B parts for £ — 1. Nevertheless, the positive norms 
are invariant under both these SU(2) symmetries separately. The .R-symmetry SU (2) can 
be interpreted as one of the outer automorphisms of the considered sw(2|2) superalgebra: 
it uniformly rotates the doublet indices k of the fermionic generators and the 
bosonic generators Jj . 

As for the second set of SU(2) generators in (17.251) . they coincide with those of the 
second .R-symmetry group SU(2) and have, in the holomorphic basis, the same form as 
in (16.221) . up to the substitution \fC~2 — > 2k . 

Note that the pair of generators {Qg)% = QiG , {Qg)^ = —Qr l G form the same flat 
algebra {Qg,Qg} = ^ K as the pair Qi,Q^ . Their crossing anticommutators produce 
the su{2) generators ( I7.25p . The fermionic generators Q, Qg and their conjugates just fix 
another basis in the odd sector ( I7.24p of the su(2\2) superalgebra (this basis was employed, 



e.g., in pi]). 

The LLL and the second LL wave superfunctions belong to the short representation 
of this su(2\2) 

(0,0; C), (7.28) 
with C = (1/2, 0, 0). The first level is described by the direct sum of such representations 

(0, 0; C) © (0, 0; C) . (7.29) 



8 Summary and outlook 

In this paper, we continued the study of super Landau models associated with the su- 
pergroup SU{n\l) . This study was initiated in [7J H] for an arbitrary n and further 
performed in more detail for n=2 in [6j E]. We constructed the model on the pure odd 
coset SU(n\l)/U(n) as a generalization of the consideration of [1] which dealt only with 
the lowest Landau level sector of such a model. An important peculiarity of this model is 
the finite number n + 1 of Landau levels in the sector spanned by the wave superfunctions 
with the vanishing external SU(n) "spin" . We presented the action of the model, as well 
as its quantum Hamiltonian, for an arbitrary n, found the energy spectrum and defined 
the relevant wave superfunctions. For the particular case of n=2 we showed that the space 
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of quantum states of the model reveals hidden SU (2\2) symmetry: at each Landau level 
£ = 0,1,2, the relevant wave superfunctions constitute "short" SU (2\2) multiplets. Like 
in other super Landau models, the Hilbert space for any n includes the states the norms 
of which are not positive-definite; for n=2 we gave the explicit form of the "metric" oper- 
ator which modifies the inner product in such a way that the norms of all states become 
non-negative, thus demonstrating that the model is unitary. Such operator is expected 
to exist for any n. We also studied the planar limit of the SU(n\l)/U(n) models. In 
this limit, the superalgebra su(n\l) converts into a superalgebra which is isomorphic to 
n-extended d=l Poincare superalgebra, with a central charge playing the role of the d=l 
Hamiltonian. We presented, for an arbitrary n, the explicit form of the metric operator 
ensuring the norms of all quantum states to be non-negative. For n=2, we find out that 
the Hilbert space for all three levels carries a dynamical hidden SU (2\2) symmetry, like in 
the SU (2\1) model, though these two SU(2\ 2) symmetries are realized in entirely different 
ways. 

Our consideration shows that the appearance of the hidden SU (2\2) symmetries in the 
superflag and supersphere Landau models based on the supercosets SU(2\1)/[U(1) x U(l)} 
and SU(2\1)/U(1\1) [5] is not accidental: the same phenomenon persists in the Landau 
model on the pure odd supercoset SU(2\1)/U(2). Moreover, the planar limit of this model 
also surprisingly exhibits S77(2|2) symmetry on the quantum states (as a substitute of 
the worldline M=2 supersymmetry of the planar limits of the superflag and supersphere 
models [HI [T2] ). It would be interesting to inquire whether the Hilbert spaces of the 
odd-coset Landau models with n>2 and their planar limits admit any extended hidden 
symmetry. 

The presence of hidden SU{2\2) symmetry in the quantum SU(2\1) Landau models 
(or some other symmetries of the similar kind in the case of Landau models based on 
further extensions of SU (2|1)) suggests the possible relation of this class of models to such 
integrable systems as the sw(2|2) or su(3\2) spin chain models and, finally, to Af—4, d=4 
super Yang-Mills theory and string theory (see, e.g., (131 [HI HH [19]). It would be also 
interesting to retrieve the super Landau models via dimensional reduction from some 
higher- dimensional sigma models with the supergroup target spaces. 

Regarding possible physical applications of the odd coset Landau models, we would 
like to express a hope that the latter (or their analogs associated with other supergroups) 
could be relevant to the description of the quantum Hall effect and its spin extensions 
[20| |2T| 122] . In a sense, the quantum fermionic Landau model could be regarded as a sort 
of the "parent model" for those associated with other SU(n\l) supercosets. This is based 
on the following reasonings. The maximal linearly realized symmetry of the SU(n\ 1) /U(n) 
model is U(n), and we could couple the fermionic coset variables to some U(n) "matter" 
multiplets with preserving the full nonlinear SU(n\l) symmetry, following the general 
recipes of the nonlinear realizations theory. With adding the proper U(n) (and SU(n\l)) 
invariant potentials to the action, we could hope to trigger the spontaneous breaking of 
U(n) down to a smaller symmetry H C U(n), so that the original fermionic variables, 
together with the bosonic U(n)/H ones, parametrize some "mixed" fermionic-bosonic 
supercosets SU{n\l)/H. For instance, the superflag SU{2\1) /\U{\) x £7(1)] model could 
be recovered through the spontaneous breaking pattern U(2) — > H = U(l) x U(l) . The 
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presence of additional bosonic "sigma fields" in such extended models as compared to 
the pure coset SU(n\l)/H case, with non-trivial potential terms, could drastically change 
the quantum properties of these models. The relevant d=l supercoset models should 
follow from the extended models in the "long- wave" limit, in the same way as the higher- 
dimensional nonlinear sigma models follow from the linear ones. 
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A One-dimensional sigma models from gauging 

In this Appendix we demonstrate how the invariant d=l actions of some other Landau- 
type models can be recovered by the gauge method of Section 2. 



A.l Landau model on the supersphere SU(2\1)/U(1\1) 

Superspherical Landau model describes a motion of a charged particle on the supersphere 
SU(2\1)/U(1\1) parametrized by one complex even and one complex odd coordinates [3]. 

Consider the set of two complex bosonic fields u\ i = 1,2, and one complex fermionic 
field £ which form a fundamental representation of SU(2\1). The SU(2\1) transformations 
are defined as a group of linear transformations leaving invariant the following bilinear 
form: 

u u\ + u 2 u 2 + = inv . (A.l) 
As the first step, we impose the manifestly S77(2|l) covariant constraint 

u 1 m 1 + m 2 u 2 + ^= 1, (A.2) 

from which we eliminate \u 1 \ as 

In 1 ] = y/i-i,2u 2 -tt. (A.3) 

As the second step, we gauge the U(l) symmetry which acts as a multiplication of the 
fields by the common phase and commutes with 577 (2|1) . The sigma-model type 

action, which is invariant under both SU(2\1) and gauge U(l) symmetries, is given by 

L = Vu l Vui + V£V£ + 2kA , (A.4) 

where we have introduced the covariant derivatives V = d t — iA, V = d t + iA involving 
the non-propagating £7(1) gauge field, A(t), and added the Fayet-Iliopoulos term for the 
gauge field ~ k . 
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The local U(l) invariance allows us to gauge away a phase of u l and thus to make u l 
real. In this gauge 



u 1 = lu 1 ] = ^1 -u 2 u 2 -££. 

and we are left with the complex bosonic and fermionic fields u 2 and £ as the only 
independent degrees of freedom. The field A(t) enters ( 1A.4j) without derivatives, so we 
can eliminate it by its algebraic equation of motion: 

A(t) = % -(u-U-u- u + ^-H -2k). (A.5) 

It is also convenient to pass to the new independent variables, Grassmann-even z(t) and 
Grassmann-odd 

(u 2 ,0^(z,(), u 2 = I =, g= - C (A.6) 

y/\ + zz + CC V 1 + zz + CC 

Then the Lagrangian (1A.4[) . with A(t) being expressed in terms of z, ( by (1A.5[) and (1A.6[) . 
can be written as 

L = teA ^ B + « [Z A A A + , (A.7) 

where gauge connections are Aa = —iOaK , A^ = id^K , K = ln(l + zz + CC) > an d the 
metric on supersphere is 

fe ^(i + „ + co 2 ' ^=1^' (A - 8) 
^ = (irif ^ = iTii- (A - 9) 

The metric can be concisely written as g§A — ^b^aK , i.e. the function K(z, z, (, Q is 
the corresponding super Kahler potential. The Lagrangian (1A.7jl coincides with the one 
found in [5] by a different method. It should be pointed out that the WZ term in (1A.7|) 
originates from the FI term in the original gauge action (1A.4|) . like in the odd coset sigma 
model Lagrangian (j2.14j) . f 13 . 5 j) . 



A. 2 Landau model on SU{n)/U{n— 1) 

Our second example is the purely bosonic extended Landau-type model on the coset space 
SU(n)/U(n — 1), which is a generalization of the S 2 ~ CP 1 Haldane model [2]. 

Consider bosonic multiplet u a (t), a = l,...,n in the fundamental representation of 
the SU(n). This group acts on these d=l fields as 

Su a = xy, (a|) = -a£, A^ = 0. (A.10) 

Impose the SU(ri) invariant constraint 

u a u a = 1 (A.ll) 
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and define the SU(n) invariant Lagrangian 



L = Vu a Vu a + 2kA . (A. 12) 



Here the auxiliary gauge field A(t) ensures the local U(l) invariance of (1A.12|) . the corre- 



sponding gauge-covariant derivatives being defined as V = d t — iA and V = d t + iA . As 
in other examples, we may eliminate A(t) by its algebraic equation of motion, 

A = % - (u Q u a - u a ii a + 2m) . (A.13) 

We can also make use of the local U(l) invariance to choose the u l field real. Then, with 
making use of the constraint flA.llj) . this field can be expressed through the remaining 
ones as 

u = \/l — u a u a . 

The natural realization of the SU(n) group as a group of left shifts on the coset space 
SU(n)/U(n — 1) is in terms of the complex coordinates z a , a = l,...,n — 1, with the 
holomorphic SU(n) transformations: 

5z a = \ a 1 + X a b z b - X\z a - \\z a z b . (A.14) 

Coordinates with such a transformation law correspond to the realization of the coset 
space SU(n)/U(n — 1) as the complex projective space CP n . The connection between the 
new coordinates z a and the old coordinates u a is as follows 

u a = - Z<1 =, (A. 15) 

VI + z a z a V ; 

and therefore 

u 1 = - . (A.16) 



In terms of the new coordinates, after substituting the expression flA.13j) for A(t) back 
to the Lagrangian (IA.12I) . the latter takes the form 

iyQ> ry iyQ> ly ry iyQ /y 

iK————. (A.17) 



1 + z b z b (1 + z c z c ) 2 1 + z b z b 

In the n=2 case it is reduced to the Lagrangian of Haldane model, whereas for n = 3 it is 
the Lagrangian used in [23J for description of a variant of the four-dimensional quantum 
Hall effect. Note that the coefficient in front of the U(l) WZ term in (IA.17j) comes from 
the FI term in (1A.12|) . like in other examples. 
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